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4 The Schrodinger wave equation

We have noted in previous lectures that all particles, both light and matter, can be described as a
localised wave packet.

e De Broglie suggested a relationship between the effective wavelength of the wave function
associated with a given matter or light particle its the momentum. This relationship was
subsequently confirmed experimentally for electrons.

e Consideration of the two slit experiment has provided an understanding of what we can and
cannot achieve with the wave function representing the particle: The wave function ¥ is not
observable. According to the statistical interpretation of Born, the quantity ¥*W¥ = |¥?| is
observable and represents the probability density of locating the particle in a given elemental
volume.

To understand the wave function further, we require a wave equation from which we can study
the evolution of wave functions as a function of position and time, in general within a potential
field (e.g. the potential fields associated with the Coulomb or strong nuclear force).

As we shall see, manipulation of the wave equation will permit us to calculate “most probable”
values of a particle’s position, momentum, energy, etc. These quantities form the study of me-
chanics within classical physics. Our quantum theory has now become quantum mechanics —
the description of mechanical physics on the quantum scale. The particular sub-branch of quantum
mechanics accessible via wave theory is sometimes referred to as wave mechanics.

The time—dependent Schrodinger wave equation is the quantum wave equation

ov(x,t) _ﬁ82\11(x,t)

ih ot  29m 022

+ Vi, t) ¥(z,t), (1)
where ¢ = y/—1, m is the mass of the particle, h = h/2m, U(z,t) is the wave function representing the
particle and V' (z,t) is a potential energy function. It is straight forward to extend the Schrodinger
equation to three spatial dimensions

oV R (0?0 9P 9PV
h— = —— V. 2
T 2m<8m2+8y2+822 + 2)
The Schrodinger equation is postulated — it is not derived — yet the predictions based upon it are
verified via experiment. It provides a correct description of physical observables. The same could
be said for Newton’s equation

d?z
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This is another example of an equation that is postulated — not derived — yet provides a correct
description of physical observables. However, Newton’s equation is valid at macroscopic scales,
whereas the Schrodinger is valid at microscopic, or quantum scales.

Note that the Schrodinger equation as presented here is non—relativistic. A relativistic form of
the Schrodinger equation exists but is not considered in this course.

4.1 Investigating the Schrodinger equation
The Schrodinger is nominally similar to the classical wave equation

0?W 1 0>V
0 =t o @

with the exception that the Schrodinger equation contains only a 1st order time derivative. This is
the first clue that wave solutions to the Schrodinger equation will not be identical to solutions of
the classical wave equation.

T-Rex Example 6.1: Is the Schrodinger equation linear?

If the Schrodinger equation is linear, then, if ¥ and Wy represent valid solutions, there must exist
a valid solution of the form
U(x,t) =aVy(z,t) + bVsy(z,t), (5)

where a and b are (real or complex) constants. The derivatives of U may be written as

ov _ owm 0w

ot ot ot

oU oW, 0,
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92 a@xz +b(9:172' (6)

Substituting these expressions into the Schrodinger equation for ¥, we obtain

AN RYG) PN e GG A PR ol
th <a +b ) =5 (a 92 b 527

Rearranging this expression yields

o) SR i ) TR i 2
a<m8t+2m@x2 —V‘Ifl =b Zhﬁ"‘%a‘%a —V\IJQ . (8)
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As Wy and W, are valid solutions to the Schrodinger equation, then the terms within the parentheses
are exactly zero, the equation makes sense and W must also be a valid solution to the wave equation.
Given the Schrodinger equation is linear we know that the principle of superposition is valid and
we can confidently create wave packets from linear wave superposition that are themselves valid
solutions of the Schrodinger equation. Recall from Lecture 3 that wave superposition, demonstrated
as interference fringes, is required to describe the results of the two-slit experiment.

T-Rex Example 6.2: Investigating valid solutions to the Schrodinger equation

In Lecture 3 we investigated solutions to the classical wave equation of the form
U(x,t) = Asin(kz — wt + @) 9)

where k is the wave number, w is the angular frequency and ¢ is a phase constant. The wave
is moving in the positive x—direction. This “classical” wave is not a valid solution to the time-
dependent Schrodinger equation.

We start by considering the three derivative terms

ov
rri —wA cos(kx — wt)
ov
e kA cos(kx — wt)
0*w
Frli —k*Asin(kz — wt) = —k*U, (10)
Inserting these relations into the time-dependent Schrodinger equation we obtain
nk?
—ihwcos(kx —wt) = ( + V) U
m
nk?
= <2m—|—V> Asin(kz — wt), (11)
which is never satisfied (cosz # sinz).
We now consider a more general wave function
U(z,t) = Ae'**=t) = Alcos(kx — wt) + isin(kz — wt)]. (12)

We note that this general wave solution is complex yet still represents a wave moving in the positive
x—direction. In general, the amplitude A can also be complex. In order to demonstrate that this
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wave function is a valid solution to the time-dependent Schrodinger equation, we follow the same
approach as before, i.e.

\\ )
%t = —jwAeFTeD —
ov
2
v
gﬁ = P*kK*U = kAU, (13)

Inserting these relations into the time-dependent Schrodinger equation we obtain

h2

h2k?
— U = 0. 14
(hw 5 + V) 0 (14)

We can understand this equation by noting that ' = hf = hw and p = hk to obtain

2m

(E—p2—V>W:O (15)

The term in parentheses represents the conservation of energy (i.e. E— KFE —V = 0) and therefore
AeFr=wt) represents a valid solution to the time-dependent Schrédinger equation.

4.2 Probability and normalisation

In the previous lecture we introduced the idea of probabilities based upon the wave function. The
probability P(z)dx of observing a particle between x and z + dz is

P(z)dz = U*(z,t)V(x,t) dz. (16)
The probability of observing the particle between z; and z is

P:/”wmm. (17)
xr1

The particle must exist somewhere; this condition is imposed by normalising the wave function
according to

[”wuﬁw@w:L (18)
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T-Rex Example 6.4 Normalising the wave function

Consider the wave function ¥(z,t) = Ae~*l. Normalise the wave function and determine the

probability of observing the particle between 0 < z < 1/«, and between 1/a < z < 2/a.

The wave function is normalised as follows

/OO AZe~20lel g — 1.

—00

As the wave function is symmetric about zero we may re—write it as

o0 242
2/ Ale2llqr =1 = [e7 200
0 —2a
_AQ AQ
1 = 0—-1)=—.
o o

The coefficient A = /o and the wave function may be written as

U = Joe o,

The probability of locating the particle between 0 < x < 1/« may be written as

1/a
P = / e
0

O _ouil/a
= | 2]/

L
= —5(e?-1)=0432

(19)

(20)

(21)

(22)

Compute the value of the probability of localising the particle between 1/a < = < 2/a as an

exercise.

4.3 Properties of valid wave functions

In order that the wave function corresponds to physical (i.e. real) situations, it must satisfy a
number of extra conditions in addition to the Schrodinger equation - these are sometimes referred

to as boundary conditions:

1. In order to avoid infinite probabilties, ¥ must be finite everywhere.

2. In order to avoid multiple probability values, ¥ must take a single value at each position and

time.

3. For finite potentials, 0¥ /Jz must also be continuous (things are different when V' is infinite).

4. In order to normalise the wave function one must have lim,_, 1., ¥ — 0.
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4.3.1 The free wave function

The wave function W(x,t) = Ae'*®=“! represents a valid solution to the Schrodinger equation. The
wave function is referred to as the free wave function as it represents a particle experiencing zero
net force (constant V'). However, the free wave function cannot be normalised as it is a continuous
(not localised) wave, i.e.

/°° U (2, ) W(2,t) — /O;Azd:v

= 0. (23)

One can understand this result via the uncertainty principle: the free wave function possesses a
definite value k& and w (Ak = Aw = 0). Thereforewe must have Ax = At = co. Despite this
condition, the free wave function remains a useful basic solution to the Schrodinger equation as all
valid wave functions can be constructed from a sum or integral of free wave functions, for example

‘PTOT _ / efx2/2aei(kx7wt) dx, (24>

represents a Gaussian wave packet.

4.4 The time independent Schrodinger equation

We have so far considered the time dependent Schrodinger equation. However, in the case where
the potential term is constant, i.e. V(x,t) = V(x), the Schrodinger equation can be separated into
position and time dependent components

U(a,1) = (@) f(2). (25)
Inserting this wave function into the time dependent Schrodinger equation, we obtain

it () 2L~ TTQOTLD 0y 0) 1) (26)

Dividing by ¥(x)f(t) yields

.hii(t)_ R? 1 d%y(x)

FO At T 2mu(r) da?

+ V(x). (27)

The lhs of this equation is a function of time only, the rhs is a function of position only; therefore
each must be equal to a constant value, named B. To determine the value of B, we consider the
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lhs only
L1 df() _
thT = B
. df
m/f - [Ba
thinf = Bt+C, (28)

where C'is an integration constant which can be set to zero by specifying f(t = 0) = 0. Therefore

Bt
Inf = —
nf ih
f(t) — eBt/z’h — efiBt/h. (29>

If we compare this result to the free particle wave function we note that f(f) = e ™! and that
B = hw = FE, the total energy. Note that this can also be seen from a dimensional analysis of the
term f(t) = e~"P¥"; ¢ has units of seconds and & has units of energy times time — therefore B must
have units of energy. This is a general result. We may now write

L1 df(t)
h———~=F 30
and we can now form the time independent Schrédinger equation as
h? ()
— S V@) = Bi). (31)
Returning to the general form of the wave function we may write
U(a,1) = pla)e ! (32)
The probability density of this wave function is
Uy — @Z)Q(ZL‘) (eiwte—iwt)
= ¢*(2). (33)

The probability distribution is constant in time. In classical physics this phenomena is referred to
as a standing wave. In quantum mechanics, we refer to this as a stationary state. Therefore we
can use the time independent Schrodinger equation to study stationary or stable states in quantum
systems.
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4.5 Expectation values

If the wave function represents localised particles, we require a method for computing the predicted
values of observable quantities (e.g. position, momentum, total energy) from the wave function.

The determination of observable quantities from the wave function is based upon expectation
values. The idea of an expectation value is based upon the statistical interpretation of the wave
function. If we make many measurements of a particle described by a given wave function, the
average of many measurements will converge upon the expectation value.

Any observable quantity for which we can compute an expectation value from the wave function
is referred to as a physical observable. Physical observables must be represented by real — not
imaginary — numbers.

Imagine that we observe the position of a particle constrained to move along the x—axis. We observe
the particle at x;, N; times, at x5, Ny times, and so on. The average position of the particle is
21Ny + 2o Ny + 23N3 + w4 Ny + -+ 30 4N,

Ni+ Nyg+ N3+ Ny+--- Y
If P(x) describes the probability of observing the particle at some z (distributed continuously) we
may re—write the above equation in integral form

/2, xP(z)de

25, P(z)da
Within our quantum mechanical formalism P(z) = U*(z,t)U(x,t) and the expectation value of x
1s now

(34)

T =

(35)

T =

U () 2 V() da
L= T B ), f)da

_ / T W, 1) 0 U (x, )da, (36)

—00
for a normalised wave function. the expectation value of a general function g(z) for a normalised
wave function is

(g(@)) = [ W' (1) g(a) Wz, )dr. (37

—0o0

The expectation value of a stationary state may be written as

(x) = /O:O Vv (z)e™ wp(z)e” ™ da

= /_o:o v (x) xp(r)de. (38)

When we state that the wave function provides a complete description of a physical system, we
mean that the expectation value of physical observables (real quantities) can be computed using
the wave function. The wave function cannot provide the value of individual measurements.



4 THE SCHRODINGER WAVE EQUATION 9

4.5.1 The momentum operator

How do we compute the expectation value of the momentum? Any knowledge of the momentum
must also be consistent with the uncertainty principle. Consider the free particle wave function,
WU(z,t) = e« Taking the derivative w.r.t. z, we have

ov 0 . . ,
o = e = ket = kW (39)
The wave number k = p/h, such that
ov P
el £} 40
and rearranging the equation yields
(0o, 1)) = —ih [, 1) (a1)
x,t)] = —ih—[V(x,1)].
p ) ax )
We therefore define the momentum operator as
0
h = —ih—. 42
p=—iho (42)

In mathematical language, an operator transforms one function into another, e.g. the operator A
operates on f(z) such that A f(z) = g(z). Every physical observable has an associated operator
that is used to determine the expectation value of the observable. The general formalism is

oo

(A) = / U (2, 8) AW(z, ) da. (43)

—0o0
The expectation value of the momentum is therefore

oV (z,t)

(p) = —ih /_ O:o (o) 0 da, (44)

As we have seen earlier, position x is its own operator.

4.5.2 The energy operator

We next consider the total energy of the wave function. Take the time derivative of the free particle
wave function v 9
_ 7 jilkz—wt) _ _ o i(kz—wt) _ _ i} 45
e iwe iwW.
ot ot (45)

Substituing w = F/h we have

E[U(z,t)] = m;[\p(x, 1)), (46)
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and we define the energy operator as

E=ih_. 4
Zh@t (47)

The expectation value of the energy is then

8\11(3: t)
= @h/ ey dz. (48)

Though the above results have been generated using the free particle wave function, they are valid
in general as well.

T-Rex example 6.6: Use energy conservation to generate the Schrodinger equation
The total energy of a particle may be written as

p2
E=K+V=21_14V (49)

2m

We now permit the operators associated with each observable to act upon the wave function.
Considering the lhs of the above equation

A oV
EV =ih—.
ih—, (50)
The rhs of the equation becomes
[1(A)2+V] v = a2 vivue
2m b T 2m ox
h? 9?v
= + V. 51
2m 022 (51)

Equating the lhs with the rhs of the original energy conservation equation we obtain the time
dependent Schrodinger equation.

LOv O’

It is important to note that this is not a derivation of the Schrodinger equation. Instead it shows
the consistency of the energy and momentum terms just defined.

4.6 The infinite square well potential

We now wish to solve the time independent Schrédinger equation for several simple potentials. In
doing so we will investigate the behaviour of the quantum wave function and the expected value of
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physical observables. The infinite square well potential is essentially a particle in a box. However,
on this occasion our analysis will be more rigourous.

The infinite square well describes the potential term

Vi) = o x<0,z>1L

=0 O<z<lL, (53)

and the particle is restricted to the interval 0 < z < L. This can be seen clearly by considering the
time independent Schrodinger equation
h* d%Y(x)
2m  da?

+V(2)(z) = Ev(x). (54)

When V(z) = oo we must have ¢(x) = 0 (to avoid an infinity in the equation) and therefore
Y*1p = 0 with the consequence that the particle cannot exist in this region. When V' (z) = 0, ¢(z)
now represents the free particle wave function and we re—write the time independent Schrodinger
equation as

h? d2
o da? (r) = Ey(x)
d?y () 2mE
2 —71#(95)- (55)

We note that p = ik and E = p?/2m. Therefore, p*> = 2mFE and k?* = (2mFE)/h* and we may
re—write the above equation as

dg(;i(f) — 12(x). (56)

A general solution to this equations takes the form

(x) = Asinkx + Bcoskzx. (57)

However, does such a solution match the boundary conditions for an acceptable wave function? As
the potential term is discontinuous in z, d¢(z)/dx need not be a continuous function. However,
¥ (x) must be a continuous function, i.e. ¥(x = 0) = 0 and ¥ (z = L) = 0. Taking the first condition
we see that

Y(z =0) = Asin(0) + Bcos(0) =0= B =0. (58)

At z = L we have
Y(x=L)=Asin(kL) =0 = kL = nm. (59)



4 THE SCHRODINGER WAVE EQUATION 12

The wave function is therefore
nmT

() = Asin (L) forn=1,2,3,... and0 <z < L. (60)

The important point to note here is that the range of permitted wavefunctions is quantised. We
next have to normalise the wave function over all space, i.e.

/O:O Sbdr = 1

/_ OOO Yrdz + /0 Y prds + /L Totedr = 1

L
0+/ A?sin? <W> dz+0 = 1 (61)
0 L
We solve this integral by applying the change of variable u = nwz/L and writing
L nmw d
/0 A? sin? (nzx) dz = /0 A?sin® uduﬁ. (62)
The integral in Equation 61 then reduces to
L 1 nm
AQ{—CosusinujLu] =1
nm 2 2 0
L 1 nmw
2 L L . nmi_
A - { 5 cos(nm) sin(nm) + 5 ] 1
2
A = /= 63
- (63)
Hence the normalised wave function may be written
2
P(x) = \/;sin (T) forn=1,2,3,... and0 < z < L. (64)

The wave function is exactly the same as a classical time independent standing wave and the particle
in a box therefore corresponds to a stationary state.

T-Rex Example 6.7: Show that the wave function ¥, (z,t) for a particle in an infinite
square well corresponds to a standing wave in a box.

To generate the time dependent wave function we form the quantity

U,(z,t) = o(x)en’

2 )
N .
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However, sin(k,z) can be written as

eikna: o e—iknx
in(k,r) = ————, 66
sin (k) 5 (66)
so that the wave function becomes
9 ei(kna:—wnt) o e—i(knz-‘rw"t)
\Dn ,t) = - . 67
w0 =7 ( _ (o7

This is simply the superposition of two waves, one travelling in the positive x—direction and one
travelling in the negative direction. A standing wave will result with an angular frequency w,.

End of Example 6.7

The energy associated with each stationary state comes from a consideration of the wave number

nm 2mE,

T = 72 n=123..., (68)
where the subscript n indicates that k, and FE, depend upon the value of n — the principal
quantum number. We may write the energy of each quantum state as

, T2h? , m2(he)? (eV nm)”
=N =

2mL? 2(mc?)L? eV nm?

Once again, we note that the possible energy values of the particle are quantised. In this case,

energy quantisation arises solely from the boundary conditions. Each state available to the wave

function ,(x), is characterised by a unique energy state E,, and probability density [¢,|* (see
T-Rex Figure 6.3). A number of additional points should be emphasized

ky, =

E,=n

=eV. (69)

e The particle cannot have £ = 0 (or at least only in the case where the particle does not
exist but this is not an interesting possibility). The lowest available energy state is E; cor-
responding to n = 1. This is referred to as the ground state. Though this effect is only
noticeable for quantum situations, the same rules holds in the macroscopic world. A tennis
ball constrained to lie within a court cannot have £ = 0. However, in this case, F; is so small
as to be unmeasureable in most practical circumstances. Once again, this view agrees with
the principle that macroscopic objects possess very large quantum numbers.

e In general we see that the energy of the confined particle is inversely proportional to both the
mass m and the square of the confinement scale L. Therefore, confining a given particle to
a smaller region imposes a greater minimum energy. Taking the case of an electron we can
write

72 (hc)? (7°)(197.3 eVnm)®> 0.4

2(me2)L? ~ (2)(511,000 eV)(L2) ~ (L/nm)

Therefore, if we confine an electron in a one dimensional box of length 0.1 nm we obtain a

ground state energy F; ~ 40 eV, a reasonable approximation to atomic electron energies.

E, =

5 eV. (70)
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e The probability density P(x) to observe the particle at a given x is

P() = = = si? (M7, (1)

In the classical limit this probability is P(x) = 1/L for 0 < x < L. For large values of n there
will be many wave oscillations within the box. As the average value of sin? @ over one cycle is
1/2. Therefore, in the limit of large quantum numbers we obtain the classical result.

T-Rex Example 6.8: Calculate the expected values of x, 22, p and p? for a particle in
an infinite square well existing in the first excited state.

The first excited state corresponds to n = 2. The wave funtion for this case is

2 2
dalw) =[5 sin (777 (72)
1. The expectation value of (x), is
2 L 2w
(x)y = Z/o x sin? (L) dz. (73)

Once again, we solve this using a change of variable v = 272 /L and noting that dz/du = L/2.
The intergral then becomes

2 /s LN\? r2m
(), = L(QT(’)/{) u sin® u du

2 < L )2 u? sin2u  cos2u 2
= — —_— — — U —
L 4 4 8 0

(74)

Note that the expected position of the particle is in the middle of the box although the value
of the wave function is zero at this point.

2. The expectation value of (z?), is

2 rL 2
<x2>2 = z/ x? sinQ( 7er) dz
0

1
= (3 87T2> L? =0.32L7, (75)
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Note that the integral is solved with a change of variable to convert the integrand to a standard
form and is then worked in a straightforward (if lengthy) manner.

3. The expectation of the momentum (p), is given by

W = g [N (P50 [ s (%50) ] as

Amih L | (27m) (27rx> d
= — S —— ) cos | —
L Jo i L .

— 0. (76)

The average, or expected value of the momentum is zero — as the particle is moving left as
often as it is moving right.

4. However, the expectation value of (p?), behaves in a different manner and is given by

2 (L 2mx d d 2rx
2 _ “ . “ne S el S el . ans
W = L/o Sm( L >< Zhdx)( Zhda:>sm( L >d$
_ 22 L (27T:C> 2m d (27m:>
= (—ih) A AT e S dz

8m? (L 2mx 2rx
o s 2 . .
= —(—h )—Lg /0 sin (L ) sin (L ) dz

472 h?
This value can be compared to the value of Ej, i.e.
4 2h2 2
B, = AT ), (78)

C2mL? 2m’
which is simply the statement E = p?/2m + V| for which in this case we have V = 0.

Finally, what happens if we consider the uncertainty relation for this wave function? We can form
the uncertainty relation by noting that Ax = ({(2?) — <x>2)1/2 and Ap = ({p*) — <p>2)1/2. In this
case, we find that

onh (L2 I2\Y* onh L
t <—> = . (79)

s
ApAr = — e Y
PRt =" \3 ™ 1 L 23 "B~

DO | St
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4.7 The finite square well potential

The infinite square well provides a useful first example of how to manipulate the time independent
Schrodinger equation. However, infinite potentials are not very realistic. A more reasonable example
of the potentials encountered in nature is the finite square well potential where we observe the
following

=V x<0 region I
Vi) = 0 0<ax<L regionll
= VW x>1L region III

We consider a particle of energy E' < V. In classical physics the particle is completely bound within
the potential. However, within quantum theory we will see that there exists a possibility that the
particle can exist outside the potential well.

We begin by considering the time independent Schrodinger equation for regions I and III outside
the square well

h? d*y
il (R (OO0 (80)
We can re-write this equation using o = 2m(Vy — E)/h?, as positive constant, as
d?y

Solutions to this equation take the form e** and e™**, i.e. exponential terms rather than sinusoidal.

We can use the boundary condition ¥ (x) — 0 as x — £00 to select physically reasonable wave
functions. In the region = > L we can reject the positive exponential term as otherwise we would
have ¢ (x) — oo as & — too. Similarly we can reject the negative exponential term at z < 0.
Therefore we can write

vr(z) = Ae* <0
w][](.x) = Be™ x> 1L.

The constants A and B represent probability amplitudes that we must solve for using the boundary
conditions.

Within the potential well, in region II, the time independent Schrodinger equation takes the form

d?y

— = —k? 82

=k, (52)
where k = /(2mE)/h*. The general sinusoidal wave function that satisfies this equation can be

written as ' '
Yr(x) = Ce*® + De=** (< x < L. (83)
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Note that when we looked at the infinite square well, we were able to use the boundary conditions
to simplify this oscillatory solution to a sine term. However, with the finite square well, we no
longer have ¢(z) = for =0 or x = L.

We now use the boundary conditions to solve for the probability amplitudes A, B, C' and D. We will
not solve for them in detail but rather illustrate the overall method. We require the wave function
¥ (x) and its derivative di)/dx be continuous functions of . There are two “boundaries” in the finite
square well (between regions I and II and between II and III). Therefore we can generate a total
of four equations to solve for four unknown probability amplitudes. We examine each condition in
turn

e ¢(z) must be continuous. Therefore

Yr(x=0) = 2r(z=0)
A = C+D, (84)
and
Yi(x=1L) = Y(z=1)
Ce*t  De™* = Be™oF, (85)
e ¢/(x) = di¢p/dz must be continuous. Therefore
Uiz =0) = ¢y (z=0)
aAe®|,mg = ikC*|,_g —ikDe **|,_
aA = ikC —ikD, (86)
and
Uz =1L) = Y (r=1L)
ikC* — jkDe™* = qBe (87)

We will not work further through the maths here. Instead, we emphasize a number of qualitative
points.
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e The form of the total wave function (I4-II+III) for the finite square well is shown in T-Rex
Figure 6.5. The most important result is that where there exists a finite potential, there
exists a finite possibility to observe the particle outside the well. The greater the energy of
the particle, the greater the probability of existing outside the potential well (see below). This
is in contrast to the results derived for the infinite square well and for any classical analysis
of a particle trapped in a box.

e Once again we note that the energy levels are quantized and that £ = 0 is not permitted.

o [f we compare wave solutions for the finite and infinite square wells, we see that the De Broglie
wavelength of a given solution (n = 1,2,3,...) is longer in the finite well compared to the
infinite well. This in turn implies that the momenta and energy of each state are smaller for
the finite potential. In addition, the number of energy levels is curtailed to £ < V4.

e The finite probability for the particle to exist outside the well is linked to the idea of quantum
tunneling (more later). The extent to which the particle will be observed outside the well is
given by the probability P(x)dz = ¢*(z)(z)dx. In regions III we can write

Vi(z) = B%e 2 xx e 2* = 72 2m(Vo—E)R, (88)

With a similar expression for region I. We see that the probability to observe the particle
outside the well is smaller for larger potentials and also that the probability is larger for
higher energy states. The interval of distance dx over which the probability drops by a factor
e is equal to 1/2a, i.e.

1 h

or=— = )
200 2, /2m(Vy — E)

We call dx the penetration depth. In general, the presence of / in the numerator ensures that
dx corresponds to a very small distance.

(89)

Worked problem: consider a particle with an energy E bound within a finite square well of
height V5 and width 2L such that —L < x < 4+ L. As the potential energy is symmetric about the
mid-point of the well, the permitted stationary states will be either symmetric or anti-symmetric
about the mid-point.

1. Show that for £ < V; the boundary conditions restrict the permitted energies of symmetric

waves to be
ktankL = «, (90)

where o = \/(Qm/hz)(Vo — E), and k = \/2mFE/h* is the wave number of the oscillation
interior to the well.
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Solution: The time independent Schrodinger equation reduces to
d%y  2m
Fpci ?(V(x) — E)y. (91)

Within the potential V' (z) = 0 and we obtain solutions of the form sin kz and cos kxz where
k? = 2mE/h*. Waves that are symmetric about the mid-point of the well take the form

Y(x) = Acoskx | (92)

for =L <z < +L. Outside the well, we have V(z) = V{ and solutions to the wave equation
take the form exp(f+ax). Boundary conditions force us to reject growing exponentials. In
addition, the condition that the total wave function be symmetric about the mid-point of the
well restricts us to

P(z) = Ce (93)

where o = 2m(Vy— E)/h* and for x < —L and # > L. We next apply the boundary conditions
at x = L. Continuity of ¢ provides

AcoskL = Ce L. (94)
Continuity of d¢/dx provides
—AksinkL = —Cae L. (95)
Dividing these two expressions leads to the desired expression for the permitted energies

ktankL = . (96)

2. Show that the energy condition above can be written as

vV2mVj,

kseckL = e (97)
Solution: Inspection of k and « indicates that
2mV,
K2+ a? = % (98)

We can therefore re-write the answer to part (1) as

ktan kL — 1) 270 _ p2. (99)
h2

We multiply this expression by L and square both sides. We note that tan? 6+ 1 = sec? # and
take the square root of the resulting expression to obtain

vV2mV
h Y

kseckL = (100)

as required.
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3. Apply this result to compute the ground state energy of an electron trapped with a defect in
a crystal that displays an effective potential of 5eV and a width of 0.2nm.

Solution: Multiplying each side of the answer to part (2) by L generates

v2mVyL

kLseckL = - (101)
We calculate the quantity
2mVoL  2mc2V,L
h2° = hQCQO = (2)(511keV)(5eV)(0.1nm)/(197.3eV nm)* = 1.3127, (102)
and note that we now have an equation of the form
kLseckL = +1.3127 = 1.1457. (103)

Expressions of this form can be solved numerically. A simple trial and error approach yields
kL = 0.799 from which we deduce that & = 7.99nm™!. The energy of a non-relativistic
electron possessing thie wave number is

_ R*k* (he)®k* (197eVnm)?(7.99 nm~!)?

E = =
2m 2mc? (2)(511keV)

—2.432¢V. (104)

4.8 The three dimensional infinite square well

We are steadily improving our understanding of the Schrodinger equation to the point where we
can tackle realistic atomic physics problems. The next stage is to understand the application of the
Schrodinger equation in three dimensions. We return to the three dimensional infinite square well
as a simple case.

Assuming that there will exist stationary states in three dimensions, we consider the time indepen-
dent Schrodinger equation . However, the spatial component of the wave function is a function of
three spatial coordinates, i.e. ©» = ¥(z,y, z). Applying the conservation of energy to the time inde-
pendent Schrodinger equation and using our knowledge of operators, we can arrive at an expression
of for the Schrodinger equation in three dimensions. Starting with the conservation of energy we

write )
pekiv=2 4y (105)

2m
Multiplying by the wave function i) we obtain

p2
Bt = o+ V. (106)
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To write p® as an operator, we note that p* = p? + pi + p? and therefore apply the momentum
operator in three dimensions. i.e.

L0
;o= _ip?
b " or
p 2 0%
with similar expressions for y and z. Therefore,
. 0? 0? 0?
p2¢ = —hQ (axz + 87y2 + 822> w - —h2V21/J, (108>
where o o P
Vv? + = (109)

o2 T T o

is the Laplacian operator. Therefore, we may re—write our conservation of energy equation as

2
By =~V + Vi, (10

which corresponds to the time independent Schrodinger equation in three dimensions.

Turning to the three dimensional infinite square well, we consider a box of sides equal to Ly, Ls, L3.
The sides of the box are infinitely rigid such that V' = 0 inside the box and V' = oo outside. The
additional point that guides us to a valid wave function is the fact that the box is free to move in
any dimension within the box — the z,y, z components of the wave function must be independent
of each other. Within the box the Schrodinger equation takes the form

o,
- =F 111
V2 = By, (111)
and we guess a solution of the form
W(z,y, z) = Asin(kyx) sin(koy) sin(ksz), (112)

where A is a normalisation constant and the wave numbers kq, ko, k3 are determined by applying
the boundary conditions of the infinite well. In each dimension we have can apply the boundary
condition of the form ¢ (z) = 0 for x = 0 and = = L; such that

nim

kili =mm =k = _—, (113)
Ly
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with similar expressions in the y and z dimensions. We calculate the permitted energy levels directly
from the Schrédinger equation . To do this we must first compute the spatial derivatives of the
wave function (we show this explicitly for « only), i.e.

op 0 . . .
% = %[A sin(kyz) sin(kqy) sin(k32)]
= kA COS(kl.f) Sin<k2y) SiIl(k:gZ)
8277D 8 A .
5 %[k‘l A cos(kyx) sin(kqy) sin(ksz)]

= —k?Asin(k ) sin(koy) sin(ks2)

= —kip. (114)

As the derivatives for y and z are similar, the Schrodinger equation within the box becomes

h2
%(kf + ks + k)Y = B, (115)
which indicates that )
h
E = %(lsf+k§+kz§). (116)

Inserting the values of ki, ko, k3 derived from the boundary conditions, we obtain the following
expression for the permitted energy levels

w2h? (n2 n2  n?
Erinone = — | —% + — + — | . 117
s = o L%+L§+L§> (1)

Unsurprisingly, we now require three quantum numbers to describe the possible energy states of a
three dimensional system.

In the case where we have a cubic well, i.e. L = Ly = Ly = L3, the energy states can be written as

mh? 2 2 2
En1n2n3 = W(nl + Ny + 7’L3). (118)

The ground state energy occurs when n; =ng =ng =1,

B 3m2h?
95 omIL2

(119)
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There is only one combination of ny,ns, n3 that generates the ground state. What about the first
excited state? The first excited state can be achieved with the following configurations

n1 N2 N3
1 1 2
1 2 1 (120)
2 1 1

Therefore, three different quantum states generate the same energy level — they are said to be
degenerate states. In this case the three dimensional symmetry of the potential box creates the
degeneracy. The degeneracy can be broken if the symmetry of the system is broken. Symmetry
can be broken in a number of ways: if the lengths of the side of the potential are unequal then
the degenerate energy states will take different values. Symmetry can also be broken by external
factors — an electric or a magnetic field say. As the electric /magnetic field is a vector, it introduces
a preferred axis into the system such that wave terms aligned with the field will respond differently
to wave terms aligned perpendicular. This is exactly what happens to the energy levels of an atom
when subjected to an electric (Stark effect) or magnetic (Zeeman effect) field — the addition of a
vector force/potential breaks the degeneracy between the energy states.
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Worked problem: Consider an electron trapped in a crystal defect modelled as a three dimensional
infinite square well of length L = L; = Ly = L3 = 0.5nm.

1. Compute the probability of observing the ground state electron within & + L/4, 5 + L/4,
z+ L/4.

Solution: To compute any probability based upon the wave function, we must first determine
the value of the normalisation constant, i.e.

L L /L
/0/0/0w*(x,y,z)lp(x,y,z)dxdydz:1. (121)

As the wave function involves no cross terms of the form sin(zy) etc., we can seperate the three
dimensional wave function into three one dimensional functions, i.e. ¥(z,y,2) = f(z)g(y)h(z).
This permits us to write the above normalisation expression into a more convenient form

L L L
A? [/0 sin” k@ dx] [/0 sin? kqy dy] [/0 sin k2 dz] =1 (122)

This equation is very similar to the case where we normalised the wave function for a one di-
mensional infinite square well. In this case, each integral contained within the square brackets

contributes (L/2) such that
LN /LN /L
2 — — — =
*(5)G)GE)- (129

e <2>3/27 (124)

and

L

which is simply the cube of the normalisation constant determined for the one dimensional
case. The average position of the particle in each dimension is simply L/2, once again, the
same result as for the one dimensional case. To compute the probability of observing the
electron within z &+ L/4, y + L/4, z + L/4, we therefore form the quantity

3L/4 3LJ4 3LJA
P(zxL/4,y£L/4,z+L/4) = / / / v (x,y, 2)Y(x,y, 2)dedy dz

92 3
- ()]
We note that for the ground state electron k; = 7/L and we concentrate upon the form of
the x integral, i.e.

3L/4 L 1 3L/4
/ sinkprder = = r — —sin 23:}
L/4 T2 4 L/4

3L/4
/ ) sin’ kyx dx] [plus similar terms for y and z|.
L/4
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A5 -G -E- G
= —||=——-sin{— )| —|=—-sin|=
T\L8 4 2 8 4 2
L
= —. 125
; (125)
Therefore, the probability integral over each dimension contributes a term L/4 and we may

re—write the three dimensional probability integral as

2 L

P(z+L/4, g+ L/4z+L/4) = (L)3<)3 _— (126)

2. Compute the ground state energy of the electron.

Solution: The ground state of a three dimensional well is described by the quantum numbers
ny = ng = ng = 1. Inserting these values into the expression for the energy levels of a particle
in a three dimensional infinite square well, we obtain

3r?h? 3n2(he)® _ 3n? (197.3eV nm)*

By = = =
T omEr T 2(me) L2 T 2 (511keV)(0.5nm)

s =4.51eV. (127)

3. What wavelength of photon will cause the ground state electron to make a transition to the
first excited state?

Solution: The first excited state corresponds to an energy

m2h?

J -
211 2mL2

22 + 12+ 1% =2E1,;. (128)

Note that any one of the three possible first excited states would give the same answer. In
order to cause the electron to change from the ground state to the first excited state the
photon energy must be

he
Ephoton = N Eo1i1 — Evn = B, (129)

Therefore,
he  1240eV nm

\ = _
Elll x4.51eV

= 273 nm. (130)




