s Lo~

Astronomy 303
The Orbits of the Stars

Rudiments of Gravitational Theory
Motion under gravity: weighing the Galaxy

Two-body relaxation

Epicycle Theory: the orbits of disk stars
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Multipole Expansion

Corollaries from Newton’s theorems z
y P

Far away from a finite distribution of mass ®~-GM/r. The
monopole term dominates

Dipole is zero in the center of mass reference frame and
outside a mass distribution

Fundamental Principles and Relationships
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The Current Paradigm

COMPOSITION OF THE COSMOS

Heavy Elements:
0.03%

Stars:
0.5%

Free Hydrogen
and Helium:

4%

“The,Rig,ofjignorance’
our,current,inventory of,the matter;
energy, content,of the Universe

Cosmological

measurements have
challenged the very
foundations of our

physical
understanding of

Nature.

What is the dark
matter?

What is the dark
energy?

What is the eventual
fate of the Universe?
How did galaxies like
our own Milky Way
form in such
Universe?



N-body simulations track the clustering evolution of the
dark matter from the Big Bang to the present

Millennium Simulation

& X . A
I 685 Mpc/h ) ©A s 7.8'Mpeh

Srigel et al ‘05

Simulation data, movies, pictures available at:
www.mpa-garching.mpg.de/Virgo

UK, Germany, Canada, www.durham.ac.uk/virgo
Japan, US collaboration
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Millepnium Simulations

10.077.696:000 particles

N o




| One of the Aquarius
halos in the

100Mpc/h box
parent simulation.




Font and Navarro 2001 The Milky Way and its Dark Matter Halo







500 kpc

The Aquarius
“Billennium’™
halo simulation.
A dark matter
halo with 1
billion particles
within the virial
radius.






z=1.5

Level 3 resolution’




z= 1.5

" “Lével 2 resoldtion .




Level 1 resolution
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The Density Profile: numerical convergence
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The Density Profile of Cold Dark Matter Halos
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Scaled Density

The Universal Mass Profile of ACDM
halos

.Properly scaled, all
1 halos look alike:

! CDM:halo. structure
appears to be
approximately

“‘universal’
1 «Usually
= -+ characterized by a
= Dwarl’_s i ) ) ”
e concentration
—— NFW

parameter: c=r, /r.,

—— - Moore et al
----- Taylor & Navarro
1 | 1 1 1 1 I 1 1 1 1 | 1 1 1 1 | 1 1 1 1
-1.5 =il —0.5
log r/r_,

Scaled:Radius Navarro et al 2004
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The Navarro-Frenk-White Profile

Mass profiles of dark halos are
independent of halo mass and
cosmological parameters (Navarro, Frenk
& White 1996, 1997)

Problem 3.7 The Navarro—Frenk—White (NFW) model describes the halos of
cold dark matter that form in simulations like that of Figure 7.16. Show that the

Density
Log p/10% M, kpe—2

potential corresponding to the density

PN

,In(1 + r/ax)
(r/ax)(1 + r/an)? ’

i (Dpr(l‘) = —O0y (r/aN) (324)

PNEW(r) =

where o2 = 47 Gpnaj. The density rises steeply at the center, but less so than
in the singular isothermal sphere; at large radii p(r) o< 3. Show that the speed

0 1 2 3 4 V of a circular orbit at radius r is given by
Log radius/kpe
In(1 1
V2(r) = ag[ saarlol ] (3.25)
(r/ax) (1+r/an)

Radius
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An improved fitting formula
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A law where the
logarithmic slope of the
density profile.is a
simple power-law. of
radius fits the dark halos

to better.than 5% at all

radii.
dlogp, __,(r Y
dlogr r,

Remarkably, this is
the same radial
behaviour (a Sersic
law) of the stellar
distribution in elliptical
galaxies.

Navarro et al 2004



CDM halos: Main results

CDM mass profiles are nearly
universal

shape is independent of mass 8

CDM density profiles are cuspy
no evidence for a constant-
density central “core”

CDM halos are clumpy
Abundant but non-dominant
substructure

CDM halos are triaxial

Preference for prolate
configuration, asphericity
Increasing toward the center.




CDM halos: Outstanding issues

The Structure of the Central Cusp
Power-law divergent slope (p « r'or p « r'2orp « r1.5?)
Annihilation signal
Disk galaxy rotation curves (cusp vs core vs triaxiality)

The Structure of Substructure
Mass profile and abundance of Local Group satellites
Annihilation signal from substructures and “boost factors”
Abundance, spatial distribution and kinematics
lensing flux ratio anomaly, satellite distribution + orbits

The Phase-Space Distribution of Dark Matter

Implications for direct dark matter detection experiments

The Origin of a Universal Density Profile

Theoretical interest

Important to understand baryon-induced transformations of dark
halo structure



Stellar Orbits

If the mass distribution in a galaxy is static (i.e., the galaxy is in
equilibrium), the energy of a star is constant

d K Gmyg
o~ = —m V®(x), with d(x) = — forx #x4, (3.3)
= (V) = —m Vo) (%) Ea:lx—xal
3( +mv-Vd(x)=0= s T I ®(x) (3.26)
V- = mv) + mv - X === = 2m m : i
Thus
£ = %mv2 + m®(x) = constant along the orbit. (3.27)

A star can “escape” (i.e., move arbitrarily far away from the galaxy) if its
speed exceeds the local “escape speed”, given by

vl = 20(x). (3.28)

Note that the escape speed depends on the global distribution of matter,
whereas the circular speed depends mainly on the mass interior to a
given radius.



Stellar Orbits

The angular momentum of a star changes according to:

The star’s angular momentum L = X X mv changes according to

d& =X X 9— (mv) = —mx x V& (3.29)

dt dr

Depending on the symmetry of a galaxy one or more components
of the angular momentum of stars may be conserved in an
equilibrium galaxy
In a spherically-symmetric galaxy all component of L are
conserved
In a galaxy with axial symmetry (around a rotation axis, z, for
example) only the component along that axis, L,, is conserved)



The total energy of a star cluster

In a star cluster, in general the orbital energy of star will change,
but the total energy of the cluster remains constant. We can show
this by taking the scalar product of eq. 3.2 with v,

GmM
d—t(mv) g Tr'

where G is Newton’s gravitational ¢
Rele—12 N), at positions

G.1)

onstant. In a cluster of N stars with masses

the other stars- Xa, We can add the forces on star & from all
—(mava) —i= Gmamﬁ .
" 5 % — xﬂP(xa el 3.2)

d LR d Al Gmgmpg
;v"'dt (Ma¥a) = = KE= =3 T T e, 030

op 1 Xa

a#p

But we could have started with the equation for the force on star B, and taken the
scalar product with vg to find

1 d Gmgmg
5Zﬁ:a(mﬁvﬂ.y,:‘,)=_Z—xﬂls(xﬂ—xa)cv,;. (3.31)

ap 1Xa —

a#p

Adding the right-hand sides of the last two equations gives

Gmgmpg d ( Gmgmpg )
— i (X oy = X8) ¢ (Vo — ¥8) = _ —). (3.32)
= |Xa — Xp/° d q ,Z,,:dt Xg — Xg]
apfl apf

The cluster’s potential energy PE is the sum of contributions from pairs of stars:

1 Gmgmpg 1 1
PE = —= —_— = - Mg P(Xy) or—/p(x)@(x)dV; (3.33)
2 & |xq — Xpl 2 Z: X 2

agp

dividing by two means that each pair contributes only one term to the sum. On
adding Equations 3.30 and 3.31, we see that

d 1 Gmgmpg
2—| K€ - = =0
dr 2 z,, IXa = Xpl

app

(3.34)

Thus the total energy £ = K& + PE of the cluster is constant.



The virial theorem

In an equilibrium system where gravity dominates, another relation
is satisfied by the kinetic and potential energy

Conservation of energy implies KE+PE=constant
The virial theorem states that 2*<KE>+<PE>=0.

The virial theorem is more useful.
This is because <KE> ~ M*<V/2>
On the other hand, <PE> ~ M2/<R>
This means that M ~ <V2>*R, which gives as a way of estimating
the mass of a system if we can measure the typical velocity
(squared) of stars in a system (<V?>), together with its
(unchanging?) size (R).
Note that for the latter we need the distance to the object

This is the way in which most mass estimates are carried out.
Note that the virial theorem is satisfied in a circular orbit.

It is also true for an elliptical orbit if KE and PE are averaged over a
full orbit



The virial theorem

To prove the virial theorem in a general way, we start with eq. 3.2,
but add an external force, to represent, for example, the
gravitational pull of a galaxy on a star cluster. We then take the
scalar product with x, and sum over all stars

d Gmo,mﬁ
;dt(mava)-xa = —; L e kL +Z o iXde (338)
aep

We would have had a similar equation if we had started with the 8 force:

B |xu xﬁl.

u?lf

Gmgm
Z ——(m,;v,,) Xg = — Z ———ﬂ—}(x,; — Xa) * Xg + ZF{.’xt +Xg. (3.39)
B

The left-hand sides of these two equations are the same; each is equal to

~

1 d?
- Z (max(, Xy ) — Zmava Vo = oo 25L, (3.40)

where / is the moment of inertia of the system:

/ EZmaxa-xa. (3.41)

o



The virial theorem

Averaging egs 3.38 and 3.39 we see that the 15t term on the right
hand side is the potential energy, and then

1 d*1
5872——2165:798+ZF§,“-XQ. (3.42)

Now we average this equation over the time interval 0 <7 < 7:

1 |df

d/
;l:a;(f) e 5(0)] =il (’Cg) - (Pg) | = Xa: (I‘gxt : XOI) ) (343)

where the angle brackets are used to represent this long-term average. As long as
all the stars are bound to the cluster, the products |X, - V|, and hence |d//dz],
never exceed some finite limits. Thus the left-hand side of this equation must tend
to zero as T — 0Q, giving

2(KE) + (PE) + Y (Fe - Xa) =0. (3.44)



Orbits in Spherical Potentials

In spherical systems, stars move in a centrally directed force field.
Because of the rotational symmetry the angular momentum is
conserved. So, if the position vector is written as

r =re,

And the radial acceleration as

Then the equation of motion is

Which implies that the vector

remains constant, since dt

F:F("')é'ra

d?r 4

it

rxdr L
ue..

dr\ dr dr d?r
_Exd—t—}—rXW:F(r)rxér:O.



Orbits in Spherical Potentials

The conservation of L means that the motion occurs in a plane,
defined by the position vector and velocity at any time. We can
choose polar coordinates in that plane to write the equations of

motion as .
g o T¢2 St F(r)

271 + r1h = 0.
Multiplying th d of this by r shows that -
ultiplying the seconda of this by r Shows ha r?1) = constant = L.

With the usual interpretation that L=2*rate at which the radius vector
sweeps area

To obtain the shape of the orbit we replace time by angle in the
above equations using

i_L d
dt—r2@’



Orbits in Spherical Potentials

And we can write the eq.

f =1l = Flr)

2 i 2
I,‘ d I{ LY 2 F():
r2 dip \ r? dip rs

Which can be simplified using the substitution u=1/r to give

as

d?u F(1/u)

i, A, 1o e

This equation admits two ty fpes of solutions, depending on whether

u may reach 0 (r goes to infinity=unbound orblts) or whether u
oscillates between finite limits (bound orbits).

The general solution to this equation must be typically found
numerically, unless F(1/u) has a simple form

If we multiply the above equation by du/dy and integrate over g



Orbits in Spherical Potentials

We get that du\? 20 2F
( ) + L2 _L'?a

2 -
g — + u“ = constant =
dy

where @ is defined by F=-d®/dr and we have introduced E to
characterize the constant of integration. One may rewrite the above

equation as 3 .
dr dvy
E=3 <E) + 3 (T—&t—> + ®(r),

Which shows that E is just the usual energy per unit mass of the star

For bound orbits the condition du/dy=0 is satisfied, which implies that

o 2[‘1’(1/;2) = 8]

= ()

The roots of this equation, u,=1/r, and u,=1/r, define the pericenter and
apocenter of the orbit, which “contain” radially the orbit. The star
oscillates between this inner and outer radius while revolving in g



Orbits in Spherical Potentials

The radial period T, of the orbit is the time the star takes to travel
from pericenter to apocenter and back. Using the definition of
L=r2*dyp/dt we can rewrite

¥
as @ v I3
Which may be rewritten as
i :t\/ AE L B 2
- i 5 (T)]_ﬂ'

The radial period is then dr

f P -ty \ }
/7'1 V2[E — ®(r)] — LZ/r?’

During a radial period the azimuthal angle increases by

r2 d T2
Azp:?/ d—:/.}dr:Z/ £@dr

# 00wy




Orbits in Spherical Potentials

r2
or Ay 2L/ dr |
n r2\2[E = &(r)] - L?/r?

The azimuthal period is then I

,l‘, — ’l ‘1’ o

7y A(/) )
2m _ .

In general Z&—d; won’t be a rational number: the orbit is not closed

The typical orbit is a rosette ST T




Examples of Orbits in Spherical
Potentials

The Spherical Harmonic Oscillator (a homogeneous sphere)
®(r) = %Q%Q + constant
In this case the equations of motion are easiest to solve in
Cartesian coordinates,
P = —QQfC 3 y - —Qan

With solutions
r=Xcos(QU+e) 5 Y=Y cos((2t + €y),

Every orbit is closed, since the period of oscillation about x and y
are identical.

The orbits are ellipses centered on the center of attraction.



Examples of Orbits in Spherical
Potentials

The Kepler potential, where the force law is F=-G*M/r2. The orbit
equation is now

d?u GM

'C‘l;b':?'_'—u_ L27

With a general solution GM
u(w) — CCOS("D Sy wO) -+ —L2__7

Thi i — e?
is may be rewritten as il i a(l —e?)

defining the eccentricity and the semimajor axis by:

CL2 Lz
sl g .
GM GM(1 — ¢2)’

€ =

1l




Examples of Orbits in Spherical
Potentials

In the Kepler potential, for e>=1 the orbit is unbound

For e<1 the orbit is bound; the radius is a periodic function of y with
period 21r.

Bound orbits are closed and form ellipses with the attracting center
at one focus

In a Kepler potential, the star completes a radial oscillation in the
time required for y to increase from 0 to 21r.

This is different from the spherical harmonic oscillator, where a radial
oscillation is completed in the time it takes y to increase from 0 to .



Orbits in Spherical Potentials

Realistic galaxy models are less concentrated than a point mass
and more concentrated than a homogeneous sphere, so we
expect radial oscillations to take less time than required for a
complete azimuthal cycle.

It is sometimes useful to think of orbits in non-Keplerian potentials
as forming an approximate ellipse, in a rotating frame that

precesses by
% i AI/) — 27

The precession is in the sense opposite to the rotation of the star
itself. Thus, in a rotating frame with angular velocity

Q _wp_Aw—Qﬂ'
LT ey T 3
T, ¢ ¢

the orbit appears as a closed ellipse.



Orbits in Axisymmetric Potentials

If the potential is only a function of the cylindrical coordinates (R,z)
stellar motions in this potential will conserve the z-component of
the angular momentum, L,.

Stars originally in the sKmmetry plane z=0 and with v,=0 will
remain on the plane. Their motions will be rosettes just like the

ones we described before.

Stars that move away from the equatorial plane are more
iInteresting.

In cylindrical coordinates, the eq. of motion will be
d?r
dt?

r = Rép + zé,

= —V®(R, 2).

Writing



Orbits in Axisymmetric Potentials

We obtain, in cylindrical coordinates, the following equations

gpaom - o il o
4 il
Bkl 312 4 At
dt (R ¢) i dh
il
& 4% b il
0z

The second equation is just the conservation of L,. Using that to
eliminate the azimuthal dependence we can write the other two
equations as

0Pesr OPeft
i G e
OR ’ 0z

_—

)

2

P = P(R,2) + 21§2'




Orbits in Axisymmetric Potentials

This reduces the problem to the motion of a star in a (R,z) plane
that revolves non-uniformly around the z-axis. This plane is known
as the “meridional plane”.

The total energy of a star is given by

L2
B = L2 + (RO)? + 2]+ @ = (R +27) + (<1>+ 2R2) ‘
L(R? + 2%) + ®esr-

so the “effective potential” is just the sum of the potential energy
plus the kinetic energy in azimuthal motion.

Since the kinetic energy is non-negative, the motion of a bound
orbit is confined to a region of the meridional plane where E>g .
This region is limited by the “zero velocity curve” of a star.



Orbits in Axisymmetric Potentials

Some examples of “zero velocity curves” in a given potential.

2 i
e i
OR Jir,0) 1

which is the condition for a circular orbit.



Epicycles

Stars like the Sun are on nearly circular orbits, so it useful to derive
approximate solutions to the equations of motion under that condition

Defining

We have that (x,z)=(0,0) describe the location of the minimum of ¢ .
Expanding in a Taylor series, we obtain

D 2 OR2 (R, 0) 2 Oz (Ry.0) (3—55)

The equations of motion are now



Epicycles

Where 32(1)eﬁ g (82<I)eff>
G : vV = ’
voxbh ( OR? )(Rg,o) 028 Jiry0)

are the epicycle frequency and the vertical frequency, respectively.
After some algebra, we can write

dQ)? 2>
- Tl AT WO ¢
i (R & g,

Where the circular frequency is given by

fpyid (28) 2
Q (R) X —R_ BR (R,O) R4



Epicycles

For the Kepler potential we have
o3 s ).

For the homogeneous sphere
(=constant and therefore k=2Q)

Therefore in general for a realistic galaxy

1Sk <20



Epicenter and epicycles

The solution to the harmonic equations are

a:(t) - XCOS(Kt i w)v 2 = ZCOS(Vt " §),

so the star oscillates backwards and forwards and up and down
Since

We obtai
e obtain 20, X

¢:Qgt+¢o_ kR, Sin(K,t+¢),

And, in Cartesian coordinates

R S
Yy = —TX sin(kt + 1)

= =Y sin(xt + 9).



Epicenter and epicycles

Since the oscillation in x and y have the same frequency the orbit is
closed around the guiding center defined by the circular orbit

In the (x,y) plane the star moves on an ellipse called “epicycle”
The shape of the ellipse is given by

rESn

ﬁ-

Y e

Note that for the Kepler problem X/Y=1/2 and that the motion around
the ellipse is retrograde (why?).
These are the main reasons why Hrpparchus cwcular epicycles could
not describe the motion of planets RN

"\ Planet



Kinematic density waves

Typically, the orbit of a star in an axisymmetric galaxy is a rosette,

where a radial oscillation is completed in the time it takes for the
azimuthal angle to change by Ad.

In general Ad /2Tt is irrational and the orbit does not close.

In a rotating frame with angular speed Q, the change in
azimuth after one radial period would be

Afpp = A¢ — (1T,

Therefore we can choose a frame where the orbit closes. In

particular, if
A¢P o 27rn/ma

The orbit closes after m radial oscillations. In this case

P nwy nK
() = wy — agh ¥

— c—
—

m m !

where w, and w, are the angular and radial oscillation frequencies



Kinematic density waves

- These are examples of what the closed orbits look like in various
reference frames

Figure 6-9. The appearance of elliptical orbits in a frame rotating

atszﬂ—nfc/m, (a) n,m) = (0.1 i il i I
(1,-2), dashed line; (b) (S%, m))z (g, 23))’ solid line; (1,2), dotted linej



Kinematic density waves

One surprising fact about realistic disk galaxy models is that Q-k/2 is
approximately constant across the galaxy.

10
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i in: the Bahcall-
ioure 6-10. Behavior of 1 —nk/m in: (a) '
IS“(I)%l::il;a model for our Galaxy; (b) the isochrone potential

[eq. (2-32)].



Kinematic density waves

Hence we can set up a nested aligned set of these orbits covering a
range of radii in order to create patterns such as a bar-like wave
pattern, or leading/trailing spiral patterns.

Seen from an inertial frame, these patterns rotate at angular speed Q,
—the pattern speed

Note that the patterns arise even if the potential is axisymmetric!
These patterns are much longer lived than “physical spiral arms”
which suffer from the winding problem.

&
—

(a)

Figpre 6-11. Arrangement of closed orbits in a galaxy with () — %KJ indep(mdtml.;
radius, to create bars and spiral patterns (after Kalnajs 1973). j



Two-body Relaxation

Strong close encounters between stars are rare. These happen when

the gravitational potential at closest approach is comparable to the
Kinetic energy

Gk e . 2Gm
R —, Wwhichmeans r < r = ;
r 2 Ve

If a star moves at speed V for a time t it will have a strong encounter
with stars in a cylinder of radius rg and length V*t

Fig. 3.4. During time ¢, this star will have a strong encounter with any other star lying
within the cylinder of radius r.

The average time between encounters is thus given by

3 s
rs=+%4x1012yr( 4 )3<m : s %
47t G’m?n 10 km s—! Mo 1 pc—3 :

For n~0.1/pc3® and V~10km/s this is ~10'3 yrs, much longer than the
age of the Universe—strong encounters are rare!




Two-body Relaxation

The effect of weak distant encounters may be estimated by
considering the change in the direction of the velocity of a star, as
influenced by another.

We can use the impulse approximation to obtain a crude estimate.
Here we assume that one star is stationary and the other moves on a
straight line.

B Vi

—
. A v
b 5 M

* m

The velocity along the path will be unchanged, but the star will
experience a net deviation due to the force in the perpendicular

direction
GmMb dv,

F, = i dees
LT e rvapE =M g

Integrating over time we obtain

2Gm'

1 0
AV = — F,(t)dt = —;
1 M/—oo 1(2) xY



Two-body Relaxation

Although over time <AV>=0 (stars tug in different direction), the

average of <AV2:> will grow to become comparable to the original
velocity V2 of the star

When that happens the star has “lost” memory of its original direction.

b 2 2.2
w2 87 G2m2nt _( bna
(Avf):/ ”Vt<_15v—m) Imbdp = T 1n< m )

bmin bmm

This happens after the “relaxation time”

CE t
87G2m2nInA  2InA

e X 107 yr V oy n =
In A 10kms—! (M®> (103 pc—3) '

Note that this is still of order 10'3 yrs, for n~0.1/pc?
Therefore collisions are unimportant for a galaxy

lrelax =




Two-body Relaxation

For an isolated cluster of N stars of mass m, average speed V and
size R we have, according to the virial theorem

] G(Nm)? , 2
_NmVQNﬂ’ SOA:ENGmN. v Nﬁ.
2 2R 7l V:Z 2Gm 2

The crossing time 7¢ro5s ~ R/ V; since N = 4nm R>/3, we have

b VAR? N
teross ONG2m2InA  6In(N/2)

Thus the effects of collisions are important in systems with few stars
or with short crossing times.

They are important, for example, in the centers of globular clusters,
and also in clusters with small numbers of stars



Effects of two-body relaxation

Just like air molecules, collisions will tend to redistribute the energy of
stars and drive them to equipartition. The velocity distribution will tend
to a Maxwellian distribution

& muv?
M) x exP(kg—T) = CXP{—[’”CD(X) - —2—] /(kBT)},

of “temperature” T

L2y = kg
Em(v X i

One effect of relaxation is the evaporation of stars, which occurs on a
timescale

levap ™ 136t rejax .-

Another effect is mass segregation, which leads more massive stars
to “sink” to the center of a star cluster



Effects of

two-body relaxation

In a globular cluster, the evaporation of stars leads to the
phenomenon of “core collapse”
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What is the ultimate “thermodynamic” fate of a stellar system?



