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(a) r = 0 (b) T = 0.2 

(c) r = 0.6 (d) r = 0.94 

Fig. 4.—Evolution of model 1. The graphs show the positions of the mass points projected onto 
the plane, at four instants. 

relaxation processes for individual particles, whether due to numerical error or to 
two-body collisions. We may expect, therefore, that a given numerical error may be 
less serious here than in some other applications of A-body models. 

2. We have rounded over the potential at small distance, thereby making the mathe- 
matical problem nonsingular and removing the largest fluctuations in acceleration 
from the computational problem. 

3. We judge from trial applications of the integration scheme, where the analytic 
solution is known, that the time step should be small enough for the integration to 
carry one particle past another one reliably (but not with great accuracy) whatever 
the impact parameter for expected particle relative velocities. 
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Magnification

gravitationally lensed image of a source is therefore changed in proportion to the ratio between
the solid angles of the image and the source,

magnification =
image area

source area
. (25)

Figure 8 shows the magnified images of a source lensed by a point mass.

Figure 8: Magnified images of a source lensed by a point mass.

For a circularly symmetric lens, the magnification factor µ is given by

µ =
θ

β

dθ

dβ
. (26)

For a point mass lens, which is a special case of a circularly symmetric lens, we can substitute for
β using the lens equation (23) to obtain the magnifications of the two images,

µ± =

[

1 −
(

θE

θ±

)4
]−1

=
u2 + 2

2u
√

u2 + 4
±

1

2
, (27)

where u is the angular separation of the source from the point mass in units of the Einstein angle,
u = βθ−1

E . Since θ− < θE, µ− < 0, and hence the magnification of the image which is inside
the Einstein ring is negative. This means that this image has its parity flipped with respect to
the source. The net magnification of flux in the two images is obtained by adding the absolute
magnifications,

µ = |µ+| + |µ−| =
u2 + 2

u
√

u2 + 4
. (28)

When the source lies on the Einstein radius, we have β = θE, u = 1, and the total magnification
becomes

µ = 1.17 + 0.17 = 1.34 . (29)

How can lensing by a point mass be detected? Unless the lens is massive (M > 106 M" for a
cosmologically distant source), the angular separation of the two images is too small to be resolved.
However, even when it is not possible to see the multiple images, the magnification can still be
detected if the lens and source move relative to each other, giving rise to lensing-induced time
variability of the source (Chang & Refsdal 1979; Gott 1981). When this kind of variability is
induced by stellar mass lenses it is referred to as microlensing. Microlensing was first observed
in the multiply-imaged QSO 2237+0305 (Irwin et al. 1989), and may also have been seen in QSO
0957+561 (Schild & Smith 1991; see also Sect. 3.7.4). Paczyński (1986b) had the brilliant idea of
using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.

2.2 Microlensing in the Galaxy

2.2.1 Basic Relations

If the closest approach between a point mass lens and a source is ≤ θE, the peak magnification in
the lensing-induced light curve is µmax ≥ 1.34. A magnification of 1.34 corresponds to a brightening
by 0.32 magnitudes, which is easily detectable. Paczyński (1986b) proposed monitoring millions
of stars in the LMC to look for such magnifications in a small fraction of the sources. If enough
events are detected, it should be possible to map the distribution of stellar-mass objects in our
Galaxy.
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Gravitational lensing preserves surface brightness, but changes the apparent solid
angle of the source => magnification
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Microlensing

µ ⇤ 1.34 (25)

mag ⇤ 0.32 (26)

Magnification calculated using the lens equation as

Example: point mass

gravitationally lensed image of a source is therefore changed in proportion to the ratio between
the solid angles of the image and the source,

magnification =
image area

source area
. (25)

Figure 8 shows the magnified images of a source lensed by a point mass.
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For a circularly symmetric lens, the magnification factor µ is given by

µ =
θ
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β using the lens equation (23) to obtain the magnifications of the two images,
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where u is the angular separation of the source from the point mass in units of the Einstein angle,
u = βθ−1

E . Since θ− < θE, µ− < 0, and hence the magnification of the image which is inside
the Einstein ring is negative. This means that this image has its parity flipped with respect to
the source. The net magnification of flux in the two images is obtained by adding the absolute
magnifications,

µ = |µ+| + |µ−| =
u2 + 2

u
√

u2 + 4
. (28)

When the source lies on the Einstein radius, we have β = θE, u = 1, and the total magnification
becomes

µ = 1.17 + 0.17 = 1.34 . (29)

How can lensing by a point mass be detected? Unless the lens is massive (M > 106 M" for a
cosmologically distant source), the angular separation of the two images is too small to be resolved.
However, even when it is not possible to see the multiple images, the magnification can still be
detected if the lens and source move relative to each other, giving rise to lensing-induced time
variability of the source (Chang & Refsdal 1979; Gott 1981). When this kind of variability is
induced by stellar mass lenses it is referred to as microlensing. Microlensing was first observed
in the multiply-imaged QSO 2237+0305 (Irwin et al. 1989), and may also have been seen in QSO
0957+561 (Schild & Smith 1991; see also Sect. 3.7.4). Paczyński (1986b) had the brilliant idea of
using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.

2.2 Microlensing in the Galaxy

2.2.1 Basic Relations

If the closest approach between a point mass lens and a source is ≤ θE, the peak magnification in
the lensing-induced light curve is µmax ≥ 1.34. A magnification of 1.34 corresponds to a brightening
by 0.32 magnitudes, which is easily detectable. Paczyński (1986b) proposed monitoring millions
of stars in the LMC to look for such magnifications in a small fraction of the sources. If enough
events are detected, it should be possible to map the distribution of stellar-mass objects in our
Galaxy.
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using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.

2.2 Microlensing in the Galaxy

2.2.1 Basic Relations

If the closest approach between a point mass lens and a source is ≤ θE, the peak magnification in
the lensing-induced light curve is µmax ≥ 1.34. A magnification of 1.34 corresponds to a brightening
by 0.32 magnitudes, which is easily detectable. Paczyński (1986b) proposed monitoring millions
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using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.

2.2 Microlensing in the Galaxy

2.2.1 Basic Relations

If the closest approach between a point mass lens and a source is ≤ θE, the peak magnification in
the lensing-induced light curve is µmax ≥ 1.34. A magnification of 1.34 corresponds to a brightening
by 0.32 magnitudes, which is easily detectable. Paczyński (1986b) proposed monitoring millions
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If circularly symmetric

Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M!

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M! and
D ∼ 1 Gpc. The corresponding Einstein radii are

θE = (0.9 mas)

(

M

M!

)1/2 (

D

10 kpc

)−1/2

,

θE = (0.′′9)

(

M

1011 M!

)1/2 (

D

Gpc

)−1/2

.

(22)

2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 3 In this drawing of gravitational lensing, the lensing mass is indicated with a dot at the

center of the Einstein ring, which is marked with a dashed line; the source positions are shown with

a series of small open circles; and the locations and the shapes of the two images are shown with

a series of dark ellipses. At any instant the two images, the source, and the lens are all on a single

line, as shown in the figure for one particular instant.

because of the finite resolution of the optical telescopes. Fortunately, all objects

in the Galaxy move, and we may expect a relative proper motion to be

ṙ = V

Dd
= 4.22 mas yr�1

⇥
V

200 km s�1

� ⇥
10 kpc

Dd

�
, (14)

where V is the relative transverse velocity of the lens with respect to the source.

Combining the last two equations we can calculate the characteristic time scale

for a microlensing phenomenon as the time it takes the source to move with

respect to the lens by one Einstein ring radius:

t0 ⇤ rE

ṙ

= 0.214 yr

⇥
M

M⇥

�1/2 ⇥
Dd

10 kpc

�1/2 ⇥
1� Dd

Ds

�1/2 ⇥
200 km s�1

V

�
. (15)

This definition is almost universally accepted, with one major exception: The

MACHO collaborationmultiplies the value of t0 as given by Equation (15) by 2.

While the lens moves with respect to the source, the two images change their

position and brightness, as shown in Figure 3. When the source is close to the
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Microlensing requirements

Alcock et al (1993,2000)
MACHO collaboration

Same lightcurve seen in two wavelength 
bands - used to exclude variable stars
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days

M~0.12 Msolt=33.9 days

17 microlensing events towards LMC
after ~5.7 years watching 11.9 million stars



Observations: MACHO survey

Alcock et al. 2000 
(MACHO collaboration)

304 ALCOCK ET AL. Vol. 542

FIG. 12.ÈLikelihood contours for MACHO mass m and halo fraction f
for model S, which has a typical size halo. See A96 for details of the model.
The plus sign shows the maximum-likelihood estimate, and the contours
enclose regions of 68%, 90%, 95%, and 99% probability. The panels are
labeled according to which set of selection criteria (A or B) is used, and
whether or not a LMC halo with MACHO fraction f is included.

FIG. 13.ÈSame as Fig. 12, but for model B

FIG. 14.ÈSame as Fig. 12, but for model F

and a most likely halo fractionmML \ 0.60~0.20`0.28 M
_

, fML \
where subscript ““ ML ÏÏ here indicates maximum0.21~0.07`0.10,

likelihood. The errors given are at the 68% conÐdence level.
The values for set B are andmML \ 0.79~0.24`0.32 M

_
fML \

For model S, the 95% conÐdence level contour0.24~0.08`0.09.
includes halo fractions from about 8% to about 50%, and
MACHOs masses from about 0.12 to 1.1 depending onM

_
,

the selection criteria and LMC model used. The likelihood
method gives an optical depth for the halo population of

almost independent of the selection criteria,1.1~0.4`0.5 ] 10~7
the LMC model, and the Galactic model.

There are several important comments to be made. First,
sets A and B give results that are remarkably similar, imply-
ing that the systematic error introduced by our selection
criteria methodology is small. The important parameters of
estimated MACHO halo fraction are nearly identical using
the two di†erent sets of events and efficiency determi-
nations. The estimated typical MACHO mass does vary
between the two sets of events, but the values lie within 1 p
of each other. This di†erence in lens mass comes partially
from the rejection of event 22 from set A.

Second, consistent with our optical depth estimates, the
values of the halo fraction are approximately a factor of 2
lower than we found in A97. As discussed in ° 6.1.2, this is
mainly a result of Ðnding more events per unit exposure
during the Ðrst 2 yr, but it is also due to changes in effi-
ciency, etc. We note that the optical depths reported in
Table 13 are the estimated MACHO contribution, and do
not include the background of stellar microlensing. The
contributions from stellar background are shown in Table
12. The values found here are quite similar to those found
directly in ° 6.1.

Third, our new conÐdence intervals are substantially
smaller than those of A97 due to the larger number of
events. Even though the central values have changed, our
new most likely values lie within the A97 90% conÐdence
region. The shift in central values is somewhat larger than
one might have naively expected, and while the shift could
be statistical, the more likely reason is a previous underesti-
mation of systematic errors.

Next, for model S with a large LMC disk but no LMC
dark halo, and set A, we expect a total of 3.0 events from
stellar background sources, with the majority coming from
LMC self-lensing. For the same model and set B, the
number of expected background events is 3.9. In both cases,
the predicted number of background events is substantially
below the number of detected events. Thus, if these models
are correct, the microlensing events are very unlikely to
come from the known stellar populations.

For the case of a LMC halo plus LMC disk, LMC disk
self-lensing must be smaller, since part of the LMC rotation
curve is supported by the halo. In this case, some of the
lensing can come from the dark halo. This changes the
predictions of MACHO halo fraction, since the LMC halo
contributes very little to the total mass of the Milky Way,
but relatively more to the microlensing. As shown in Table
13, for model S we Ðnd 1.1 events from the LMC halo, and
2.1 background events using set A. For set B we Ðnd 1.4
LMC halo events, with 2.7 background stellar events.
Again, the expected number of background events is signiÐ-
cantly smaller than the number of observed events. When a
LMC dark halo is included, the events from the LMC halo
count toward dark matter that is not uniformly spread
across the sky. The predicted values change from f \ 0.21 to

17 microlensing events towards LMC
after ~5.7 years watching 11.9 million stars
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ABSTRACT
We report on our search for microlensing toward the Large Magellanic Cloud (LMC). Analysis of 5.7

yr of photometry on 11.9 million stars in the LMC reveals 13È17 microlensing events. A detailed treat-
ment of our detection efficiency shows that this is signiÐcantly more than the D2È4 events expected
from lensing by known stellar populations. The timescales of the events range from 34 to 230 days.(tü )
We estimate the microlensing optical depth toward the LMC from events with days to be2 \ tü \ 400

with an additional 20% to 30% of systematic error. The spatial distribution ofq2400 \ 1.2~0.3`0.4 ] 10~7,
events is mildly inconsistent with LMC/LMC disk self-lensing, but is consistent with an extended lens
distribution such as a Milky Way or LMC halo. Interpreted in the context of a Galactic dark matter
halo, consisting partially of compact objects, a maximum-likelihood analysis gives a MACHO halo frac-
tion of 20% for a typical halo model with a 95% conÐdence interval of 8%È50%. A 100% MACHO
halo is ruled out at the 95% conÐdence level for all except our most extreme halo model. Interpreted as
a Galactic halo population, the most likely MACHO mass is between 0.15 and 0.9 depending onM

_
,

the halo model, and the total mass in MACHOs out to 50 kpc is found to be indepen-9~3`4 ] 1010 M
_

,
dent of the halo model. These results are marginally consistent with our previous results, but are lower
by about a factor of 2. This is mostly due to Poisson noise, because with 3.4 times more exposure and
increased sensitivity to long-timescale events, we did not Ðnd the expected factor of D4 more events. In
addition to a larger data set, this work also includes an improved efficiency determination, improved
likelihood analysis, and more thorough testing of systematic errors, especially with respect to the treat-
ment of potential backgrounds to microlensing. We note that an important source of background are
supernovae (SNe) in galaxies behind the LMC.
Subject headings : dark matter È Galaxy : halo È Galaxy : structure È gravitational lensing È

stars : low-mass, brown dwarfs È white dwarfs
On-line material : Color Ðgures

1. INTRODUCTION

Following the suggestion of (1986), severalPaczyn" ski
groups are now engaged in searches for dark matter in the
form of massive compact halo objects (MACHOs) using
gravitational microlensing, and many candidate micro-
lensing events have been reported. Reviews of microlensing
in this context are given by (1996) and Roulet &Paczyn" ski
Mollerach (1996).

Previously (Alcock et al. 1997a), we conducted an
analysis of 2.1 yr of photometry of 8.5 million stars, and
found 6È8 microlensing events, implying an optical depth
toward the LMC of for the 8 event sample2.9~0.9`1.4 ] 10~7
and for the 6 event sample (Alcock et al.2.1~0.7`1.1 ] 10~7
1996a, 1997a ; hereafter A96 and A97, respectively). Inter-
preted as evidence for a MACHO contribution to the Milky
Way dark halo, this implied a MACHO mass out to 50 kpc
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MACHO constraint is wierd.  Suggests
~0.2 galaxy mass in ~0.5 Msol objects.  
Hard to explain...

Larger than expected if no MACHOs...

What is the dark matter?
MACHO=Massive Compact Halo Object
WIMP = Weakly Interacting Massive Particle

Too light to be white dwarves, neutron stars.



Zwicky’s leap

• Although calculations of lensing by other stars 
were carried out the small angular separations 
of the images led to pessimism that they could 
be seen

• In 1937, Zwicky made the jump of suggesting 
that extragalactic nebulae (galaxies) would 
produce well separated images that could be 
observed
- by applying the virial theorem to the Coma 
and Virgo clusters he was 
(correctly) using masses ~400 times larger 
than was then believed

• He pointed out that gravitational lensing would 
allow the study of objects at greater distances 
(via magnification), that many arcs should be 
visible, and the importance of magnification 
bias in magnitude limited samples.

Zwicky 1937



Discovery of 0957+561
• The first concrete example of a gravitational lens was reported in 1979 in 

the form of the quasar QSO 957+561 A,B found at z~1.4
(Walsh, Carswell & Weymann 1979).  Two seen images separated by 6”.

• Evidence that this is a lens comes from

1. Lensing galaxy detected at z~0.36

2. Similarity of the spectra of the two images

3. Ratio of optical and radio fluxes are consistent between two images

4. VLBI imaging showed detailed correspondence between small scale features
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Images of QSO 0957+561
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Lya ABSORPTION-LINE SYSTEMS 599

exhibits both damped and undamped Lya absorption
systems, which are at distinct redshifts of zdamped \ 1.3911
and respectively Carswell, &zLya \ 1.1249, (Walsh,
Weymann et al. et al.1979 ; Weymann 1979 ; Young 1981a).
In this paper we present HST FOS spectra obtained of the
individual lensed components, 0957]561A and B, and an
analysis of metal and hydrogen-line absorption in each
lensed component. The quality of the data allows detailed
analysis that was not possible in previous studies of this
system.

2. OBSERVATIONS

FOS spectra were obtained with the G270H grating (blue
detector) which covers the wavelength interval jj2152È3350
in the local rest frame (LRF). The wavelength uncertainty is
*j B 2 (R \ j/*j \ 1300), but the wavelength accuracyÓ
was improved with the use of galactic interstellar lines as
�ducials (see below). These spectra were acquired at roughly
2 week intervals as part of a monitoring campaign(Table 1)
to study small-timescale QSO emission variability to deter-
mine if emission lines arising from ions with di†erent ioniza-
tion potentials vary independently from each other (Dolan
et al. Here, we report only results relevant to several1995).
absorption-line systems which are present in the spectrum
of the lensed components.

Target acquisition was performed on the brightest lensed
component 0957]561A, which was centered in the 0A.86
diameter circular aperture. Accurate small o†set maneuvers
of were used to subsequently center the same apertureD6A.2
on 0957]561B. Five spectra were obtained of each com-
ponent. Exposure times of 420 s (0957]561A) and 500 s
(0957]561B) were sufficient to obtain high signal-to-noise
ratio (S/N) for QSO emission lines. In the �veFigure 1,
spectra of each component were co-added in order to
increase the S/N in the continuum and in absorption
features.

The spectra were reduced with the standard FOS pro-
cessing system using calibration constants from FOSCAL
Version 1.3.2.3 (e†ective dates 1995 August 31 through 1996
March 18), and were analyzed with astronomical spectros-
copy application programs available in the International
Ultraviolet Explorer (IUE) Interactive Data Language
(IDL) system. The same exposure time was used at each
observation for each component which resulted in(Table 1),
a S/N D 3 at the bottom of the Lya absorption trough for
component A and B at every epoch. The �ve spectra for
each lensed component were co-added by weighting equally
the Ñux from each observation ; the co-added spectra have a
S/N which is greater by a factor º2 compared each individ-

TABLE 1

OBSERVATION PROGRAM

Julian Date Lens Exposure
Epoch Date (2,450,000]) Component Time (s)

1 . . . . . . 1995 Nov 4 011.27 A 420
B 500

2 . . . . . . 1995 Nov 18 025.77 A 420
B 500

3 . . . . . . 1995 Dec 2 039.35 A 420
B 500

4 . . . . . . 1995 Dec 16 053.22 A 420
B 500

5 . . . . . . 1995 Dec 30 066.42 A 420
B 500

FIG. 1.ÈCo-added spectra of lens components Q0957]561A (top) and
B (bottom). Lya, O VI, and N V quasar emission lines are present. The
wavelength scale corresponds to the quasar redshift Absorp-zQSO \ 1.41.
tion lines associated with the damped Lya system at andzdamped \ 1.3911,
Lya and O I absorption at are shown as open and �lledzLya \ 1.1249,
triangles, respectively. Interstellar absorption (ISM) from Mg and Fe II

absorption is also indicated. Note the strong absorption associated with
features formed in the damped Lya system. QSO Lyb emission is a†ected
by the strong wings of O VI which degrades its Ñux. The absolute Ñux scale
should be multiplied by a factor to properly correct for the(1 ] zQSO)
transformation into the quasar rest frame.

ual spectrum. Co-addition was made after cross-correlating
the Lya emission centroids to remove any systematic error
in wavelength registration ; the residuals were D0.05 Ó.

Strong absorption corresponding to the damped Lya
and the Lyman limit system(zdamped \ 1.3911) (zLya \

1.1249) were detected in both lens components (Fig. 1).
Interstellar absorption lines of Mg II jj2795, 2802 and
Fe II(1) jj2260, 2383, 2600 were also found and(Table 2),
used to recalibrate the wavelength scale that decreased the
wavelength uncertainty to *j D 0.5 The equivalentÓ.
widths were obtained after deredshifting to the(W j) and rest frames and mea-zdamped \ 1.3911 zLya \ 1.1249
sured relative to the local continuum after co-addition of
spectra. If we assume the spectrum is represented by a

TABLE 2

INTERSTELLAR ABSORPTION LINES IDENTIFIED IN 0957]561A AND B

j j Wj Log Cosmic
Ion (vac)a (FOS)b (mÓ)c f a Abundance

Mg II . . . . . . 2803.53 2804.16 1421 0.3054 7.59
Mg II . . . . . . 2797.92 2796.98 1346 0.9177 7.59
Fe II . . . . . . . 2600.17 2600.33 722 0.2239 7.51
Fe II . . . . . . . 2382.04 2383.53 890 0.3000 7.51
Fe II . . . . . . . 2260.08 2260.05 284 0.0037 7.51

a Morton 1991.
b Wavelength uncertainty ^2 Ó.
c Equivalent width uncertainty ^200 mÓ.
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“Huchra’s Lens”
• Quadruply-imaged quasar Q2237+0305 “Einstein Cross” z=1.7

with image separation ~1.8” -> elliptical lens

• Lensing galaxy is ZW2237+030 “Huchra’s Lens” at z=0.04 Huchra+(1985)

Nearby and isolated
-> key system for testing GR



Cluster Arcs
• In 1986, two groups discovered stretched arcs in clusters of galaxies at high 

redshift.  “giant luminous arcs” - very thin in radial direction (unresolved)

• Light from arc confirmed to be from a much higher redshift source

• Confounded expectations based on pre-ROSAT X-ray observations that the 
surface mass density of clusters was too low to cause strong lensing

• Suddenly everyone found arcs in their old data... 

Abel 370 - HST 








































